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Abstract

This paper proposes a new control algorithm to manage emergency discharge of batteries, quickly reducing their state of charge
and the likelihood of thermal runaway. This emergency discharge can lead to a hazardous process, especially if the discharge rate
induces high ohmic heat generation that in turn increases the degeneration rate of the solid electrolyte interphase (SEI), which
may lead to venting and rupture of the pouch cell. To mitigate these risks, we propose a Control Barrier Function (CBF)-based
algorithm to enforce safety during this emergency discharge; and a state estimator based on Extended Kalman Filter (EKF) to
predict unmeasurable states, such as molar fraction of SEI layer decomposition, which is a critical information to guarantee safety
during quick discharges. The effectiveness of the controller is validated with a Single-Particle Model with electrolyte (SPMe) model
and its robustness analyzed via Monte Carlo methods.

Keywords: Battery Emergency Discharge, Battery Safety, Control Barrier Functions, State Estimation, SPMe, Monte Carlo
Simulations

1. Introduction

Recent incidents underscore the critical safety challenges as-
sociated with lithium-ion batteries. In January 2025, a large
fire at the Vistra Energy lithium battery plant in Moss Landing,
California, forced the evacuation of up to 1,500 residents due to
toxic smoke. The fire, difficult to extinguish due to the chem-
istry of lithium-ion cells, was allowed to burn out naturally [1].
In 2020, an explosion at an Arizona Public Service (APS) facil-
ity in Surprise, Arizona, was traced to thermal runaway, which
generated flammable gases that later ignited [2, 3]. Similarly,
in 2021, an electric bus depot fire in China spread rapidly to
nearby vehicles after battery venting released flammable gases,
demonstrating the potential for fire propagation in dense park-
ing spaces [4].

These events highlight two coupled hazards in lithium-ion
batteries: thermal runaway and venting. Thermal runaway
occurs when heat generation exceeds dissipation, producing a
self-accelerating temperature rise that can cause fire [5]. Vent-
ing releases flammable or toxic gases, often triggered by over-
pressure from electrolyte decomposition or other internal reac-
tions, and can escalate fire spread in battery packs [6]. Both
phenomena may be initiated by electrical, mechanical, or ther-
mal abuse [7], including overcharging, physical damage, man-
ufacturing defects, prolonged exposure to high temperatures, or
high-current discharge from internal or external shorts [8].

Emergency discharge is a possible countermeasure in such
scenarios. As discussed in [9, 10], lowering the battery’s State-
of-Charge (SoC) reduces stored energy and limits the severity
of thermal events. When fast discharge is applied to cells that
remain structurally intact (but are at risk of experiencing abuse),
it can help prevent the propagation of fire and thermal runaway
events by removing energy from modules at high risk. Empiri-

cal studies show that low-SoC cells release far less energy dur-
ing abuse, reducing flame intensity and propagation [10, 11].
Reflecting these findings, U.S. Department of Transportation
regulations limit the SoC of lithium-ion batteries to 30% for air
transport [12].

Executing rapid discharge of batteries introduces its own
safety challenges. High currents generate heat, accelerates
degradation, and electrolyte decomposition can lead to vent-
ing [13]. To promote battery safety, standard battery man-
agement systems (BMSs) usually enforce electro-thermal con-
straints, including manufacturer-prescribed voltage/current lim-
its, SoC limits to prevent under- and over-discharge, and maxi-
mum temperature for thermal safety [14]. However, these stan-
dard BMSs aim to operate the battery well below the venting
limits. For rapid emergency discharge, batteries need to operate
at (or close) to the venting limits. The design of battery con-
trol algorithms to operate at these venting limits has received
limited attention in the literature; this is an area within battery
controls that is still in its infancy.

1.1. The Battery Control Contribution

The first control algorithms for fast battery discharge at vent-
ing limits relied on Model Predictive Control (MPC) meth-
ods [15, 16]. This approach is able to enforce multiple safety
constraints, while optimizing performance metrics (e.g., dis-
charge time). It offers an effective methodology for this control
problem, but requires high computation effort, which compli-
cates its deployment onboard embedded systems with limited
computational power.

Control Barrier Functions (CBFs) are another attractive
methodology [17]. They rely on set invariance methods to keep
system states within pre-defined safe limits, and usually require
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low computational effort, making them particularly attractive
for real-time embedded systems. In the battery domain, CBFs
have been recently applied to fast charging [18, 19], where they
optimize safety and charging time under electro-thermal con-
straints focusing on normal battery operation. However, these
previous works did not address venting or gas generation con-
straints that become critical in emergency discharge scenarios.
Our work addresses this shortcoming by providing a new CBF-
based formulation that enforces not only electro-thermal con-
straints, but also venting limits. To the best of our knowledge,
this is the first time that venting limits are proposed within a
CBF-based control framework for batteries. Additionally, we
demonstrate that the CBF-based formulation is able to provide
the same level of discharge performance and constraint satis-
faction as state-of-the art MPC approaches, while decreasing
the overall computational time by more than 15x.

1.2. The Battery Estimation Contribution

To quickly discharge of batteries at venting limits, control
algorithms need access to key battery states that are not di-
rectly measured, e.g., SoC, internal cell temperature and Solid-
Electrolyte Interphase (SEI) decomposition. To address this
need, several estimation approaches have been proposed in the
literature to predict SoC [20, 21] and internal cell tempera-
ture [22, 23]. However, estimating SEI decomposition - a cru-
cial factor contributing to battery venting - has received less
attention.

SEI is a layer that is formed on the anode of Li-ion cells
during the initial charging cycles [24]. It is one of the most
thermally sensitive elements in Li-ion cells, and can begin to
decompose when the internal temperature reaches 80 ◦C [25].
This decomposition leads to the release of gases (e.g., carbon
dioxide and hydrogen) [26], vaporization of the electrolyte and
increases internal pressure. Once the internal pressure exceeds
a “critical threshold”, the cell’s valve opens, releasing gases
(venting) that are often highly flammable [27]. Since this vent-
ing process is mainly driven by the SEI decomposition, it is
crucial to monitor and estimate this state during the emergency
discharge.

Previous research has directly measured SEI decomposition
using invasion techniques, involving post-mortem disassem-
bly in an inert environment and analysis with expensive lab-
oratory equipment such as X-ray photoelectron spectroscopy
(XPS) or scanning electron microscopy (SEM) [28]. However,
these techniques are not suitable for the real-time monitoring
of batteries deployed in real-world applications, such as on-
board an electric vehicle. Another approach, which is less inva-
sive, involves using Electrochemical Impedance Spectroscopy
(EIS) [29, 30]. Within this framework, the SEI layer is modeled
using an equivalent resistance and capacitance that affect the
high-frequency response of the battery. This method requires
injecting a (small) sinusoidal current into the battery across a
range of frequencies; the resulting voltage response is mea-
sured, and parametric optimization methods [31] are then used
to fit the measured frequency response. The downside of this
approach is the requirement for a probing current, necessitating

dedicated electronics integrated and deployed within the battery
system—a practice that is not yet widely adopted in industry.

To address these shortcomings, our paper proposes a vir-
tual sensing approach, based on Extended Kalman Filter
(EKF) [32], to estimate SEI decomposition. This new approach
only requires non-invasive measurements of temperature, volt-
age and battery expansion, along with a reduced-order model
of the SEI decomposition and internal battery pressure. Unlike
EIS-based methods, our virtual sensing approach does not re-
quire additional electronics for generating probing currents. To
the best of the authors’ knowledge, it is the first time that such
virtual sensing formulation is proposed in the literature.

1.3. Summary of Contributions
We propose a novel CBF-based framework to quickly dis-

charge batteries at venting limits.

• To enable the implementation of venting constraints in
the CBF framework, we propose a polynomial approxima-
tion of the battery pressure model, which allows us to re-
duce modeling complexity. Based on this formulation, we
derive sufficient conditions associated with venting limits
that guarantee the numerical feasibility of the CBF’s safe
control set. Additionally, we apply robust methods to the
CBF framework to enforce safety constraints in the pres-
ence of model uncertainty.

• We propose a new EKF-based method to estimate SEI de-
composition during fast discharge. We perform an observ-
ability analysis to determine the feasibility of using non-
invasive measurements (voltage, temperature, and battery
expansion) and a reduced-order mechanical/gas model to
estimate this critical state that drives battery venting.

• The robustness of the emergency discharge controller is
evaluated through extensive Monte Carlo simulations. A
sensitivity analysis is conducted by evaluating the impact
of multiple parameter uncertainty in the enforcement of
venting safety constraints. The final design is validated
through simulations on a physics-based Single Particle
Model with Electrolyte (SPMe) model, developed in Py-
BaMM.

This work extends our previous study [16] by including addi-
tional theoretical analysis to ensure numerical feasibility of the
CBF controller and robust extensions that account for model
uncertainties. A significant addition is the development of an
EKF to estimate internal battery states (such as SEI decompo-
sition), which were previously assumed to be known. These
enhancements are verified through extensive simulations using
a high-fidelity SPMe model, whereas the conference paper [16]
relied on a low-fidelity model for both design and validation.

2. Overview of the Emergency Battery Discharge

Figure 1 provides an overview of the battery’s discharge pro-
cess. Our (ego) battery is assumed to be located in close prox-
imity to another battery that may undergo a thermal runaway
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Figure 1: Overview of the emergency discharge process. We assume that our
(ego) battery is in close proximity to another battery at the risk of thermal run-
away (TR). We focus on the design of the control and estimation algorithms
(dashed red box) to quickly and safely discharge the ego battery.

(TR) event, potentially subjecting the ego battery to thermal,
mechanical, or electrical abuse. We assume the existence of
an algorithm capable of predicting the time to thermal runaway
(tTR), such as those described in [33, 34]. If such an estimator
is not available, industrial guidelines may be considered. For
example, a recent NHTSA study [35] suggests that commercial
light-duty electric vehicles need between 22 and 177 minutes to
develop external flames in response to battery abuse.

Our objective is to discharge the ego battery within a dura-
tion tdisch ≤ tTR. This ensures that when the expected abuse
occurs (e.g., due to the TR of the neighboring battery), the SoC
is low and the ‘ego’ battery presents fewer safety risks. To im-
plement this emergency discharge, four main elements must be
implemented. First, a reference discharge current (I⋆disch) is de-
termined to reduce the SoC of the ego battery within the avail-
able time tdisch. This can be computed as:

I⋆disch =
S oC

tdisch/60
QAh, (1)

where QAh is the cell capacity in Ah and tdisch is the target dis-
charge time in minutes. Note that this reference current can be
computed at the beginning of the discharge process, and then
kept constant until the discharge is completed. Alternatively, it
can also be continuously adapted based on the current SoC and
tTR.

Second, this reference current I⋆disch is adjusted through a
CBF framework, ensuring that the discharge current is safe and
fulfills electrical, thermal, and venting constraints. Third, a vir-
tual EKF-based estimator is utilized to provide real-time esti-
mates of internal states that are not directly measurable (such
as SEI decomposition). Fourth, a discharge device de-energizes
the ego battery by implementing the safe discharge current.

One important practical consideration deals with the realiza-
tion of the discharge device. For small-scale batteries, the de-
vice may consist of a dissipative resistor connected to an elec-
tronic switch, allowing for the regulation of the average dis-
charge current via switching control. For larger battery sys-
tems, a power converter is likely required to manage the en-
ergy, for example, by injecting the discharge energy into the

power grid [36]. In the following sections, we assume such a
discharge device is available and focus on the design of the con-
troller and estimator components (highlighted by the dashed red
box in Figure 1).

The next two sections describe the modeling framework and
the proposed controller for the fast-discharge method.

3. Modeling

This section introduces the battery modeling approach. Two
models are considered: first, a low-fidelity Equivalent Circuit
Model (EqCM), which features reduced complexity and is used
for control design; and second, a physics-based SPMe, utilized
for validation purposes.

3.1. Equivalent Circuit Model (EqCM)

As depicted in Figure 2, the battery model can be divided
into three sub-systems, including i) the electrical model, which
captures the voltage and SoC response of the battery using an
EqCM; ii) the thermal model; and iii) the gas pressure model.

3.1.1. Electric Model
To model the electrical dynamics, the EqCM uses an equiv-

alent circuit composed of a series resistor Rs, an open-circuit
voltage source VOCV (S oC), and one series RC pair, as shown
in Figure 3, with a voltage drop V1. The dynamics of SoC and
V1 are described as:

˙S oC(t) = −
η(t)
Q

I(t), (2a)

V̇1(t) = −
V1(t)
R1C1

+
I(t)
C1

, (2b)

where Q is the cell capacity, I(t) ≥ 0 is the discharging current,
and η(t) is the Coulombic efficiency. In this work, we make the
standard assumption that η(t) = 1 during discharge [37]. The
terminal voltage of the battery can be computed via Kirchhoff’s
voltage law:

Vt(t) = VOCV (S oC(t)) − RsI(t) − V1(t). (3)

3.1.2. Thermal Model
To model the battery temperature (T ), we assume a lumped

thermal capacitance (Cp) and convective heat transfer between
the battery and the environment (Tamb):

mcellCpṪ (t) =
(
Q̇ohmic + Q̇SEI

)
− hAsurf(T (t) − Tamb), (4)

where mcell is the cell mass, h is the effective convective heat
transfer coefficient, and Asurf is the cell cooling area. This ther-
mal model assumes that the heat generated (Q̇gen) in the bat-
tery is caused by Joule losses (Q̇ohmic) and SEI decomposition
(Q̇SEI):

Q̇ohmic = I(VOCV (S oC) − Vt) = I2Rs + IV1, (5a)
Q̇SEI = −manhSEI ẋSEI, (5b)
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Figure 2: Battery model overview. The model is divided into multiple sub-models, including the electro-thermal domain, theSEI decomposition, and the cell’s
internal pressure. Hazard icons indicate states subject to safety constraints in our formulation. Signals in blue denote measured variables.

Figure 3: Electro-thermal equivalent circuit diagrams.

where ẋSEI and hSEI are the rate and enthalpy of the SEI decom-
position reaction [38], respectively, and man is the mass of the
anode. For control design purposes, the term Q̇SEI is neglected
since typically Q̇ohmic ≫ Q̇SEI (see [38] and Fig. 3 in [15]).
Other heat generation components, such as the heat absorption
term from electrolyte vaporization, are neglected in this study
because their contributions are negligible compared to ohmic
losses at high currents. [39]

3.1.3. Pressure Model
The total gas pressure of the battery cell is determined by two

terms: the saturation pressure of the electrolyte (Psat), and the
pressure generated by SEI decomposition and CO2 gas (PCO2 ).
Mathematically, this means:

Ptot(t) = Psat(t) + PCO2 (t). (6)

The first term, electrolyte vapor saturation pressure, assumes
a 3:7 (% Vol) ethylene carbonate (EC) to dimethyl carbonate
(DMC) electrolyte. The partial pressure of each component is

computed according to the Antoine equation:

Psat(t) =
∑

j={EC,DMC}

y j × 10
A j−

B j
T (t)+C j , (7)

where y j is the mole fraction of each electrolyte component,
and the coefficients A j, B j,C j for j = {EC,DMC} are known
parameters [40].

To capture SEI-driven gas generation, we assume CO2 is the
dominant first-vent species and model SEI decomposition with
a self-limiting Arrhenius rate [15, 39]. The reaction pathway is

(CH2OCO2Li)2 → Li2CO3 +C2H4 +CO2 +
1
2

O2. (8)

Define xSEI as the mole fraction of Li residing in the SEI rela-
tive to the total moles of negative-electrode active material (C6).
The SEI decomposition (∆xSEI) and CO2 accumulation (nCO2 )
are then defined as:

∆xSEI(t) = xSEI,0 − xSEI(t), (9a)

∆ẋSEI(t) = ASEIxSEI,0 exp
(
−

ESEI

kbT (t)

)
, (9b)

xSEI(0) = xSEI,0, 0 ≤ xSEI ≤ xSEI,0 (9c)

nCO2 (t) =
man∆xSEI

2MC6

, (9d)

where xSEI,0 is the initial value of the xSEI(t) state, ASEI is the
frequency factor for SEI decomposition, ESEI is the activation
energy, kb is Boltzmann’s constant, man is the mass of the neg-
ative electrode, MC6 is the molar mass of C6, and the factor 1

2
follows from the stoichiometry. With the ideal-gas assumption
in the headspace volume Vh(t), we obtain the CO2 pressure:

PCO2 (t) =
nCO2 (t)RT (t)

Vh(t)
, (10)
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Figure 4: Model Comparison: SPMe vs. equivalent circuit model for a range of discharge c-rates from 1C to 100C. First Column: SPMe, Middle Column: EqCM,
Right Column: Fitting error (i.e., difference between SPMe and EqCM states). .

where R is the ideal gas constant. The headspace volume along
the edges of the pouch cell can be computed as

Vh(t) = Vh,0 + Asurf

(
L∆σ(t)

E
− αcell∆T (t)

)
, (11)

where ∆T is the change in temperature from the initial cell tem-
perature, i.e., ∆T (t) = T (t) − Tamb, E is Young’s modulus, L
represents the nominal thickness of the compliant poron layers
that deform in response to cell swelling, and αcell denotes the ef-
fective thermal expansion coefficient . The compressive stress
in the battery cell fixture, ∆σ(t), accounts for both gas pressure
and thermal swelling of the cell. It is defined as [15] and [40] :

∆σ(t) = max

Ptot − σ0 − Patm︸              ︷︷              ︸
gas pressure

,
Eαcell∆T

L︸     ︷︷     ︸
solid pressure

 (12)

where σ0 is the initial compressive stress applied by the fixture,
and Patm the atmospheric pressure.

3.2. Single Particle Model with Electrolyte (SPMe)
The SPMe is a physics-based model that represents each bat-

tery electrode as a single spherical porous particle, while in-
cluding electrolyte dynamics [41]. SPMe is more accurate than
the EqCM as it is being capable of capturing the transition from
normal to diffusion-limited discharge - a phenomenon espe-
cially relevant for high-current discharge [39]. However, the
SPMe requires significantly higher modeling and parameter-
ization complexity than the EqCM. In this work we employ
the SPMe, derived in [41] and extend it with a venting model
from [39, 42], for validation purposes.

Figure 4 compares the states and outputs of the EqCM and
SPMe, fitted with experimental data from an external short cir-
cuit (see Appendix A for details). In these results, the simula-
tions were terminated when the SPMe model terminal voltage
reaches zero. Both models behave similarly at normal opera-
tion (e.g., 1C). However, at high C-rates (e.g., >50C) , signif-
icant differences in terminal voltage emerge between the mod-
els: the SPMe voltage reaches 0V faster than the EqCM, which

Figure 5: 3D visualization of the cell gas pressure as a function of temperature
and normalized xSEI decomposition ( ∆xSEI

xSEI,0
). Iso-pressure lines are marked with

dashed lines and values. The maximum pressure (before venting) is represented
in dashed red line.

can be explained by local Li concentration depletion and satura-
tion [39], factors that are not captured in the EqCM. Addition-
ally, the EqCM, underestimates the battery temperature by up to
20◦C and the total pressure by up to 30 kPa. These modeling
errors motivate the need for the robust enforcement of safety
constraints capable of coping with uncertainty in the EqCM;
this challenge will be addressed in the next section.

3.3. Iso-Pressure Maps

The total pressure, expressed as a function of ∆xSEI and cell
temperature T , Ptot = hp(T,∆xSEI), is detailed through equa-
tions (6)-(12). Figure 5 and 6 illustrate the impact of the states
∆xSEI and T on the total pressure. One can observe that an
increase in T and/or ∆xSEI results in a (nonlinear) rise in to-
tal pressure. To prevent venting, the total pressure must re-
main below the threshold Pmax, which can be determined exper-
imentally as discussed in [40, 15]. We introduce the following
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Figure 6: Iso-Pressure contours with the initial (T,∆xSEI) state shown in red
star, and the percentage of the SEI decomposition, normalized as ∆xSEI

xSEI,0
.

Boolean indicator to indicate the venting condition:

γvent(Ptot(T,∆xSEI)) =

0 Ptot < Pmax

1 otherwise
. (13)

It is interesting to note that this indicator separates the space (T ,
∆xSEI) into two regions of: i) a safe pressure domain and ii) an
unsafe pressure operating domain (see Figure 7). Our objective
is to remain in the safe domain, where γvent(Ptot) = 0.

3.4. Safety Constraints
In addition to the pressure constraint, we also need to enforce

temperature and SoC limits:

T (t) ≤ Tmax, (14a)
S oCmin ≤ S oC(t), (14b)

Ptot(T (t),∆xSEI(t)) ≤ Pmax, (14c)

where the sub-script min defines the minimum allowed quan-
tity and max the maximum. The upper limit on tempera-
ture (14a) is imposed to ensure thermal safety of the cell, while
a lower bound on the SoC (14b) is enforced to prevent over-
discharge, which can result in copper dissolution [43], internal
short-circuiting, or irreversible capacity loss [44]. Finally, the
gas pressure (Ptot) is constrained to prevent cell venting, which
may be triggered by excessive gas generation from electrolyte
decomposition or unwanted side reactions, particularly during
emergency discharge events. This limit is especially critical in
battery cells that do not contain pressure-relief valves, such as
pouch cells.

In addition, the battery discharge current should also be con-
strained:

0 ≤ I(t) ≤ Imax, (15)

where Imax is the maximum current allowed by the discharge
device.

4. Control Design

Our objective is to design a control method that computes a
discharging current u = I(t) that:

Table 1: State-Space and Nonlinear Model Functions.

Matrix / Function Definition

A, B A =

0 0

0 −
1

R1C1

 , B =


−

1
Q
1

C1


f (x)


−

hAsurf(x1 − Tamb)
mcellCp

ASEI xSEI,0 exp
(
−

ESEI

kb x1

)


g1(z), g2 g1(z) =


z2

mcellCp

0

 , g2 =


Rs

mcellCp

0


(i) robustly enforces the safety constraints (14) and the in-

put constraint (15), despite parametric uncertainties and
unmodeled dynamics in the EqCM, as discussed in Sec-
tion 3.2;

(ii) is as close as possible to the reference discharge current
I⋆disch.

To facilitate the control design it is useful to partition the
battery model into two sub-systems: i) the electrical sub-system
with states z = [S oC,V1]⊤ and ii) the temperature-SEI sub-
system with states x = [T,∆xSEI]⊤ and pressure output y =
Ptot (see (6)-(12)). This leads to the following partitioned state-
space model:

ż = Az + Bu = fz(z, u), (16a)

ẋ = f (x) + g1(z)u + g2u2 = fx(x, z, u), (16b)
y = hp(x), (16c)

where the matrices A, B are obtained from (2), f (·), g1(·), and
g2 are derived from (4) and (9b), and hp encompasses (6)-
(11). These matrices and functions are summarized in Table 1,
and their local Lipschitz continuity is established in Appendix
B.

The safety constraints (14) can be encoded via the sets:

X = {x = [T,∆xSEI]⊤ : T ≤ Tmax}, (17)
Z = {z = [S oC,V1]⊤ : S oCmin ≤ S oC}, (18)
Y = {y : y = hP(x) ≤ Pmax}, (19)

while the input constraint is formalized as:

U = {u ∈ R : u ≤ Imax}. (20)

In this section, the states x and z are assumed to be available for
feedback. The design and implementation of the state observer
used to estimate these variables are detailed in Section 5.

4.1. Approximation of the Pressure Safe-Set
The direct enforcement of the safe pressure set Y is chal-

lenging due to the non-linear algebraic equation hP(x), which
contains max(·) operations. To facilitate control design, we
map Y into the temperature-SEI space, i.e.:

XP,sa f e = {x ∈ X : hP(x) ∈ Y} (21)
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Figure 7: Iso-pressure contour map in the (T,∆xSEI) space. The plot also shows
the polynomial approximations (second and third order) of the pressure-safe
border, and the unsafe region (γvent > 0).

Figure 8: Normalized Root Mean Square Error (RMSE) of approximating the
border of safe set XP,sa f e with a polynomial p⊤ϕ(T ). The horizontal axis repre-
sents the order of the polynomial approximation. Vertical axis depicts normal-

ized RMSE, computed as 100 ×
√

E(ϕ)
maxk ∆xSEI,k

, where the denominator contains
the maximum value of ∆xSEI along the border XP,sa f e. The red dashed line
highlight the error for the 2nd-order polynomial.

Figure 7 provides a graphical representation of this safe pres-
sure set, obtained through discretization ofX. It is interesting to
note thatXP,sa f e can be approximated with good accuracy using
the super-level of a polynomial function in T :

X̂P,sa f e = {x = [T,∆xSEI]⊤ ∈ X : ∆xSEI ≤ ∆xn,max
SEI (T )} (22)

where ∆xn,max
SEI (T ) = p⊤ϕ(T ) is a polynomial function of order

n with basis functions ϕ(T ) =
[
1 T T 2 . . . T n

]⊤
and pa-

rameters p =
[
p0 p1 . . . pn

]⊤
.

The coefficients p j, can be determined by solving the follow-
ing least-squares problem:

min
p

1
Np

Np∑
k=1

(∆xSEI,k − p⊤ϕ(Tk)))2= E(ϕ), (23)

where (Tk,∆xSEI,k) represents sample from the border ofXP,sa f e,
and Np is the number of samples. Figure 7 shows polynomial
approximations of orders n = 2, and 3, while Figure 8 depicts
the normalized RMSE for this fitting problem. A first-order
polynomial yields a fitting error of 4.5%. Increasing the or-
der to 2, decreases the fitting error to 0.56%. Higher-order
polynomials (3rd–5th) do not yield substantial improvements,
but increase complexity. Therefore, we selected the third order
polynomial as a balance between accuracy and simplicity.

The polynomial approximation X̂P,sa f e provides a more
tractable formulation for control design, avoiding the complex-
ities associated with the more complex and nonlinear XP,sa f e.

4.2. Safety Sets and Control Barrier Function
This section describes how CBF are used to enforce the safe

sets X,Z, X̂P,sa f e As the first design step , we reformulate the
individual safety constraints as super-level sets of a differen-
tiable function ci(.):

C1 = {(z, x) : c1(z) = S oC − S oCmin ≥ 0}, (24a)
C2 = {(z, x) : c2(x) = Tmax − T ≥ 0}, (24b)
C3 = {(z, x) : c3(x) = ∆xn,max

SEI (T ) − ∆xSEI ≥ 0}. (24c)

We say that the battery is safe if the state trajectory is kept
within the safety set (z(t), x(t)) ∈ C = C1 ∩ C2 ∩ C3. Formally,
this implies that C is forward invariant:
Definition 1. ([17]) A set C is forward invariant if x(t) ∈ C for
all t ≥ 0 and all x(0) ∈ X.

The second step consists of deriving sufficient conditions on
the control input u to enforce the invariance of the set C, i.e.,
to ensure that the functions ci(·) remain positive. The core prin-
ciple of CBF is to limit the rate of change of ci, preventing ci

from transitioning to (unsafe) negative values. If ci has relative
degree one [17], this can be enforced by choosing u ∈ U such
that:

ċi(x, z, u) ≥ −αi(ci(x, z)), ∀i = {1, 2, 3} (25)
where αi(·) is an extended class K function (K e

∞) according to
Definition 2.

Definition 2. ([17]) A continuous function α(·) : R → R is an
extended class K function if

(i) α(0) = 0;

(ii) α(·) is strictly increasing;

(iii) limr→∞ α(r) = ∞ and limr→−∞ α(r) = −∞.

For simplicity, this work considers linear functions αi(ζ) =
Kiζ, with Ki serving as tuning parameters. Expanding the in-
equalities (25) with the safety sets defined in (24) leads to the
following conditions on the control input:

UC(x, z) = {u ∈ U :

ċ1(z, u) = −
u
Q
≥ −α1(c1(z)), (26)

ċ2(x, z, u) = −
Rsu2 + V1u − hAsurf(T − Tamb)

mcellCp

≥ −α2(c2(x)), (27)

ċ3(x, z, u) =
∂∆xn,max

SEI (T )
∂T

Ṫ − ∆ẋSEI

=
Rsu2 + V1u

mcellCp

∂∆xn,max
SEI (T )
∂T

−
hAsurf(T − Tamb)

mcellCp

∂∆xn,max
SEI (T )
∂T

−ASEIxSEI,0 exp
(
−

ESEI

kbT (t)

)
≥ −α3(c3(x))}. (28)
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Figure 9: Graphical representation of the condition (ii) of Theorem 1 for the
second-order polynomial ∆x2,max

SEI (T ), and the maximum bound (Γmax(T )), in
dashed red line.

The setUC(x, z) may offer multiple (safe) control actions for
a given state (x, z). An optimization-based approach is em-
ployed to select the control action. The objective is to find a
control input u that satisfiesUC(·) while minimizing the devia-
tion from the to reference discharge current I⋆disch. The final
control input can be obtained by solving the following opti-
mization problem

u⋆(z, x) = arg min
u∈UC(z,x)

||u − I⋆disch||
2
2. (29)

4.3. Numerical Feasibility and Convexity
If UC(x, z) = ∅, then the previous problem lack a feasible

solution. In practice, it is important to understand the condi-
tions for numerical feasibility. The following result shows that
if the (temperature) derivative of the polynomial approximation
∆xn,max

SEI (T ) is upper bounded by a temperature-dependent func-
tion ( Γmax(T )) thenUC(x, z) , ∅ and the optimization problem
remains feasible.

Theorem 1. Assume that the following inequalities hold:

(i) T > Tamb,

(ii) ∂∆xn,max
SEI (T )
∂T ≤ −k f

exp
(
−

ESEI
kbT

)
T−Tamb

= Γmax(T ),

for every (z, x) ∈ C, where x = [T,∆xSEI]⊤, and k f =
mcellCpASEI xSEI,0

hAsurf
. Then UC(z, x) , ∅ and the optimization prob-

lem (29) is feasible for every (z, x) ∈ C.

Proof. This proof consists in demonstrating demonstrating that
conditions (26), (27) and (28) are fulfilled for the candidate u =
0. As a result, 0 ∈ Uc(x, z) , ∅. See Appendix C for a detailed
proof.

Figure 9 shows that ∂∆xn,max
SEI (T )
∂T satisfies the upper bound

Γmax(T ) defined in Theorem 1 for the EqCM parameters listed
in Table 4. For temperatures above Tcrit ≈ 113◦C, where condi-
tion (ii) is no longer satisfied, slack variables must be included
in the optimization problem to preserve numerical feasibility.

Lemma 1. Consider the safe set C and the system (16). As-
sume the safe input set is not empty, UC(z, x) , ∅, ∀(z, x) ∈
C. Then, any Lipschitz continuous controller u(z, x) such that
u(z, x) ∈ UC(z, x), ∀(z, x) ∈ C will render the set C forward
invariant. [17]

Proof. This Lemma is an extension from [17, Proposition 2 and
Corollary 2]. The only small difference is the non-affine struc-
ture of (16), which contains the quadratic input term u2 in the
x dynamics. This means we need to check that fx(w, u(w)),w =
[z⊤, x⊤]⊤ is Lipschitz continuous. This can be verified by in-
specting the gradient ∂ fx

∂w :

∂ fx

∂w
=
∂ f
∂w
+
∂g1

∂w
u + g1

∂u
∂w
+
∂g2

∂w
u2 + g22u

∂u
∂w

. (30)

Since we assumed that f , g1, g2, u are locally Lipschitz, the
terms ∂ f

∂w , ∂g1
∂w , ∂g2

∂w , and ∂u
∂w are bounded. The control action

u ∈ U is also bounded. This means that ∂ fx
∂w is bounded and is

Lipschitz continuous [45, Chap. 3].

Lemma 2. The optimization problem (29) is convex.

The detailed proof of this lemma is provided in Appendix D,
where we establish convexity by analyzing the structure of the
cost function and the constraint functions.

4.4. Robust CBF

In this section, we develop a robust CBF formulation to ac-
count for disturbances, such as estimation errors and unmod-
eled effects. To simplify the discussion, consider the x dynam-
ics (16b) subject to an additive disturbance:

ẋ = f (x) + g1(z)u + g2u2 + gd(x, z)d, (31)

where d ∈ D ⊂ R is a bounded disturbance and gd(x, z)
is a known function, possibly dependent on (x, z). The term
gd(x, z)d captures the influence of unmodeled n effects (see Sec-
tion 3.2 ). In the thermal domain, this may include unexpected
heat generation due to contact resistance or local hotspots, fluc-
tuations in ambient conditions and inaccuracies in thermal mod-
eling. In the context of SEI decomposition, it may also repre-
sent side reactions or estimation errors that are not explicitly
included in the nominal model.

The safety conditions (27) and (28) under additive distur-
bances are revised as follows:

∂

∂t
ci(x) + α(ci(x)) ≥ 0, (32a)

∂ci

∂x

(
f (x) + g1(z)u + g2u2

)
︸                            ︷︷                            ︸

ċnom
i (x,z,u)

+

+
∂ci

∂x
gd(x, z)d︸        ︷︷        ︸
ρi(x,z,d)

+α(ci(x)) ≥ 0, (32b)

ċnom
i (x, z, u) + ρi(x, z, d) + α(ci(x)) ≥ 0. (32c)

The last equation splits ∂
∂t ci(x) into two terms: i) ċnom

i , the nom-
inal term; and ii) ρi(x, z, d), which captures the impact of the
disturbance on the CBF safety condition.

Assume that we can compute the “worst-case” disturbance,
i.e., the value of d that minimizes the left side of the previous
inequality:

ρ
i
= min

x∈X,z∈Z,d∈D
ρi(x, z, d). (33)
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Figure 10: a) Nominal CBF, b) Robust CBF (assuming ρi < 0).

Appendix E details how to determine ρ
i

when the battery
model is subject to parameter uncertainties. Typically, ρ

i
< 0.

Consider the following sequence of inequalities:

ċnom
i (x, z, u) + ρi(x, z, d) + α(ci(z)) ≥

ċnom
i (x, z, u) + ρ

i
+ α(ci(z)) ≥0.

(34)

The first inequality is fulfilled by the definition of ρ
i
. If the

second holds, the CBF is robust against bounded additive dis-
turbances. The second inequality can be rewritten as:

ċnom
i (x, z, u) ≥ −α(ci(z)) − ρ

i
. (35)

If ρi = 0, then the original CBF inequalities (27) and (28) are
recovered. If ρi < 0, then the constraint is “tightened” to ac-
count for the potential (worst-case) impact of the disturbance.
From a practical perspective, this tightening will introduce a
safety margin, preventing the system from operating near the
boundary of the safety set. This concept is illustrated in Fig-
ure 10: when ci approaches zero, inequality (35) forces ċ to
be positive, even when the system is still inside the safety set
(ci > 0). To prevent potential numerical infeasibility caused by
constraint tightening a slack variable si is introduced:

ċnom
i (x, z, u) ≥ −α(ci(z)) − ρ

i
− si, si ≥ 0. (36)

The resulting robust CBF problem can be formulated as:

u⋆ = arg min
u

∥∥∥u − I⋆disch

∥∥∥2
2 +

∑
i

γis2
i (37a)

s.t. u ∈ U, (37b)
ċnom

i (x, z, u) ≥ −α(ci(z)) − ρ
i
− si, (37c)

si ≥ 0 (37d)

where γi represents the weight penalizing the relaxation of the
CBF condition.

Remark: Under suitable assumptions, state estimation er-
rors—which may be introduced by the Observer described in
the next section—can be treated as additive disturbances Let

the true state x =
[
T ∆xSEI

]⊤
be subject to a bounded additive

perturbation1:
x = x̂ + ϵx, ∥ϵx∥ ≤ ϵ x, (38)

where x̂ is the estimated state, ϵx captures the estimation error
and ϵ x is the error bound. Substituting (38) in (16b) we obtain
the state dynamics

˙̂x + ϵ̇x = f (x̂ + ϵx) + g1(z)u + g2u2, (39)

which can be re-written as

˙̂x = f (x̂) + g1(z)u + g2u2 + I︸︷︷︸
gd

f (x̂ + ϵx) − f (x̂) − ϵ̇x︸                    ︷︷                    ︸
do

, (40)

where do is the additive disturbance due to estimation error and
gd is the identity matrix. To apply the robust CBF described
in this section, the additive disturbance do needs to be bounded.
Recall that the function f (x) is Lipschitz (see Lemma 1). As a
result, there exists a constant L f such that

|| f (x̂ + ϵx) − f (x̂)|| ≤ L f ||ϵx|| ≤ L f ϵ x. (41)

Assuming ϵ̇x is bounded, ||ϵ̇x|| ≤ ϵ̇x, then the upper bound on
the disturbance is defined as

||do|| ≤ L f ϵ x + ϵ̇x. (42)

This bound can then be used to tune the parameter ρ
i

of the ro-
bust CBF when the estimate x̂ is used instead of x. In addition to
estimation errors, the model may also be affected by parametric
uncertainties. We refer the reader to Appendix E for a discus-
sion how on to formulate and bound the additive disturbance d
in the presence of uncertainties in the model parameters.

5. Observer Design and Analysis

The CBF solution u⋆ in (37) depends on the state vec-
tors x = [T,∆xSEI]⊤ and z = [SoC,V1]⊤. In practice, sev-
eral of these states—most notably the SEI layer decomposition
∆xSEI—cannot be directly measured. To overcome this limi-
tation, we develop a virtual sensing to estimate x, z based on
non-invasive sensing. Our approach assumes that the following
(extended) measurements are available:

ỹ =
[
Vt T ∆σ

]⊤
, (43)

which include the surface temperature T , battery terminal volt-
age Vt, and compressive stress ∆σ (for details on the compres-
sion stress sensor, see [40] and Figure 1). The inclusion of pres-
sure measurements is crucial for the estimation of ∆xSEI, which
is otherwise unobservable. Additionally, we define an extended
state vector w that concatenates the electrical, thermal, and SEI
states:

w =
[
SoC V1 T ∆xSEI

]⊤
. (44)

1a similar analysis can be performed for uncertainties in the z estimation,
which is omitted here to preserve conciseness
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The extended state dynamics can be rewritten as


˙S oC

V̇1
Ṫ
∆ẋSEI

 =

ẇ1
ẇ2
ẇ3
ẇ4

 =


− u
Q

−
w2

R1C1
+ u

C1
Rsu2+w2u−hAsurf(w3−Tamb)

mcellCp

ASEIxSEI,0 exp
(
−

ESEI
kbw3

)
 , (45)

and the outputs equations are defined as

ỹ = h(w, u) =

Vocv(w1) − Rsu − w2
w3
∆σ

 ,
≈

 Vocv(w1) − Rsu − w2
w3

Ptot(w3,w4) − σ0 − Patm

 . (46)

The final equality assumes that ∆σ is dominated by gas pres-
sure during emergency discharge, i.e.,

Ptot(w3,w4) − σ0 − Patm ≥
Eαcell∆T

L
. (47)

5.1. Observability Analysis

Before designing an observer for the state w, it is important to
understand the observability of the nonlinear state model (45),
(46). More specifically, we must determine if the state w can be
reconstructed from the extended measurement ỹ and the model
(45), (46) . The following result addresses this question via a
linear analysis:

Proposition 1. The battery system (45), (46) is locally observ-
able.

Proof. Consider the system linearized around a nominal oper-
ating point (w⋆, u⋆). Defining the perturbations ∆w = w − w⋆,
∆u = u − u⋆, the local state and output dynamics are given by

∆ẇ = A
∣∣∣
w⋆,u⋆∆w + B

∣∣∣
w⋆,u⋆∆u, (48a)

∆ỹ = C
∣∣∣
w⋆∆w. (48b)

The Jacobian matrices and output sensitivities required for the
observability analysis are summarized in Table 2. The third
output equation depends on the temperature and gas-generation
states through the sensitivities c33 and c34, which are also listed
in Table 2.

The observability matrix for this linearized model is given
by:

O =
[
C⊤ (CA)⊤ (CA2)⊤ (CA3)⊤

]⊤
, (49)

Recall that the system is (locally) observable if the observ-
ability matrix is full rank (rank(O) = 4). Verifying this con-
dition analytically is not easy. Instead, we rely on numeri-
cal methods to check the rank condition. This evaluation is
performed over a grid of operating points to account for the
system’s nonlinear behavior. Specifically, the input u⋆ was
chosen as a constant discharge current, u⋆j = j C-rate, where
j ∈ {1, . . . , 90} is the applied C-rate. For each j, the state trajec-
tories w⋆

j , ỹ
⋆
j were computed in discrete time using the forward

Table 2: Linearized Model Matrices and Output Jacobians used for Observabil-
ity Analysis.

Matrix / Term Definition

A
∣∣∣
w⋆ ,u⋆



0 0 0 0

0 −
1

R1C1
0 0

0
u⋆

Cpmcell
−

Asurfh
Cpmcell

0

0 0 a43 0


B
∣∣∣
w⋆ ,u⋆

[
−

1
Q

1
C1

w⋆
2 + 2Rsu⋆

Cpmcell
0
]⊤

C
∣∣∣
w⋆


dVocv

dw1

∣∣∣
w⋆

−1 0 0

0 0 1 0

0 0 c33 c34


a43

ESEI

kbw⋆2
3

ASEI xSEI,0 exp
(
−

ESEI

kbw⋆
3

)

[
c33 c34

] c33 =
∑

i∈{EC,DMC}

yiBi ln 10
(Ci + w⋆

3 )2 10
Ai+

Bi
Ci+w⋆3 +

manw⋆
4 R

2MC6 Vh
,

c34 =
manRw⋆

3

2MC6 Vh

Euler method with a sampling time of 0.5s and an initial state
of

w0 =
[
1 0.1 298.15 0

]⊤
.

Across all tested operating points ( j), the observability matrix
maintained full rank (rank(O) = 4), confirming that the system
is locally observable throughout the discharge operating range.

To complement the linearized observability analysis, we also
apply the nonlinear observability test based on Lie derivatives,
following the framework in [46]. The nonlinear observability
matrix is constructed as:

Ononlin =
d

dw

[
L0

f (y) L1
f (y) · · · Ln−1

f (y)
]⊤
w0
, (50)

where Lk
f (y) denotes the k-th Lie derivative of h(w, u) (see (46))

along the system dynamics f (w, u) (see (45)). A sufficient
condition for locally weakly observability is that the matrix
Ononlin(w0) possesses full column rank [47]. To assess the nu-
merical robustness of the observability, we compute the condi-
tion number of the observability matrix. For a matrixO ∈ Rm×n,
the condition number with respect to the 2-norm is defined as:

K(O) =
σmax(O)
σmin(O)

, (51)

whereσmax(O) andσmin(O) are the largest and smallest nonzero
singular values of O, respectively. A lower condition number
implies a greater sensitivity of the output to changes in the state,
which improves numerical stability during state estimation. In
contrast, a high condition number amplifies the effects of noise
and leads to ill-conditioning.
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Figure 11: Normalized observability comparison of nonlinear (Lie derivative
based) and linearized models evaluated at (w⋆, u⋆ = 40 C-Rate) using rank and
condition number metrics.

Figure 11 compares the normalized observability of the sys-
tem evaluated through two different approaches: linearized ob-
servability at the operating point (w⋆, u⋆) and nonlinear observ-
ability using the Lie derivative method. The normalization is
performed as

KNorm =
K(O{y=[Vt ,T,Ptot]⊤})

K(O{y=w})
, (52)

where O{y=w} is the observability matrix assuming all states
w (44) are measurable. [48]

Although both methods produce full-rank observability ma-
trices (rank(O)=rank(Ononlin) = 4), the normalized condition
number of the linearized observability matrix is higher than
that of the nonlinear observability matrix. This implies that al-
though the linearized system is theoretically observable, its sen-
sitivity to state changes is reduced, and it is more prone to nu-
merical instability during state estimation. Moreover, the nor-
malized observability condition number is on the order of 108,
indicating limited estimation accuracy. However, this magni-
tude remains comparable to those reported in similar battery
works (e.g., see [46, 49]).

5.2. Extended Kalman Filter

After checking system observability, we can then construct
an EKF to estimate the battery state w. We employ a discrete-
time EKF, implemented using MATLAB’s EKF block [50],
and inspired from [51, 52]. The EKF recursively estimates the
state vector based on the nonlinear state-space model (45) and
the measurement model (46), where process and measurement
noise are assumed to be zero-mean Gaussian with covariances
Q̃ = diag([σw1 , σw2 , σw3 , σw4 ]) and R̃ = diag([σy1 , σy2 , σy3 ]),

Table 3: Extended Kalman Filter Equations for the Battery System.

Step Equation

State Prediction ŵk|k−1 = f (ŵk−1, uk−1)

Error Covariance Prediction Pk|k−1 = Ak−1Pk−1|k−1A⊤k−1 + Q̃k−1

Kalman Gain Kk = Pk|k−1C⊤k (CkPk|k−1C⊤k + R̃k)−1

State Update ŵk|k = ŵk|k−1 + Kk(yk − h(ŵk|k−1))

Error Covariance Update Pk|k = (I − KkCk)Pk|k−1

Table 4: Parameters of the EqCM used in the control design.

Parameter Symbol Value Unit

Cell Capacity Q 4.6 [Ah]

Cell Weight mcell 104 [g]

Negative Electrode Mass man 19.107 [g]

Cell Cooling Area Asurf 0.009 [m2]

Internal Resistance Rs 7.8 [mΩ]

RC Pair R1 7.5 [mΩ]

RC Pair C1 4.04 [kF]

Thermal Capacity Cp 2108 [J/kgK]

Ambient Temperature Tamb 25 [◦C]

CHT1 Coefficient h 54.06 [W/Km2]

Initial xSEI xSEI,0 0.15 [-]

SEI Decomposition F. F.2 ASEI 2.20 × 1014 [-]

SEI Decomposition A. E.2 ESEI 2.24 × 10−19 [J]
1 CHT: Convective Heat Transfer
2 F.F.: Frequency Factor, A. E.: Activation Energy

respectively, using the parameters reported in Table 5. The ini-
tial value of xSEI is set to xS EI,0 based on diagnostic data, which
is assumed to be known a priori.

The EKF executes the recursive steps at each time step k as
described in Table 3, where the Jacobians Ak =

∂ f
∂w

∣∣∣∣
ŵk−1,uk−1

and

Ck =
∂h
∂w

∣∣∣
ŵk|k−1

are evaluated at each step using the current state
estimate. The functions f (w, u) and h(w) correspond to those
in (45) and (46), respectively, and are discretized with the for-
ward Euler method.

6. Numerical Results

In this section, we validate the performance of the CBF-
based discharge controller using the high-fidelity model SPMe
introduced in Section 3.2. The SPMe parameters were cali-
brated using experimental data from high-rate discharge tests
(external short circuits), ensuring the model’s validity for the
emergency scenarios considered in this work (see Appendix
A) for details. All parameters used are listed in Ta-
ble 4 and Table 5. The simulations were carried out using
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Table 5: CBF Controller, and EKF Parameter and Setpoints.

Parameter Symbol Value Unit

CBF Linear Class-K Function Gains

SoC CBF KQ 1 [-]

Temperature CBF KT 0.1 [-]

Pressure CBF KP 0.1 [-]

Setpoints

Max. Discharging Current Imax 414 (90C) [A]

Max. Allowed Temp. Tmax 110 [◦C]

Max. Prescribed Pressure Pmax 150 [kPa]

Minimum SoC S oCmin 10 [%]

Additive Gaussian Measurement Noise Characteristics

Terminal Voltage Var. |eVt | 0.05 [V]

Temperature Var. |eT | 2 [◦C]

Pressure Var. |eP| 1 [kPa]

Terminal Voltage Cov. σy1 10−5 [V2]

Temperature Cov. σy2 10−2 [{◦C}2]

Pressure Cov. σy3 10−10 [Pa2]

Process Noise Cov. σw1 10−7 [-]

Process Noise Cov. σw2 0.5 [V2]

Process Noise Cov. σw3 10−3 [{◦C}2]

Process Noise Cov. σw4 10−12 [-]

MATLAB/Simulink Version R2024b2. The CBF optimization
problems were formulated usingYALMIP framework [53] and
solved with the interior-point nonlinear programming (ipopt)
solver [54]. A sampling period of Ts = 0.5s was employed for
the simulations. The reference discharge current (1) was com-
puted at the beginning of the simulation, and then held constant
until the lower SoC limit was reached.

6.1. Benchmarking of Controllers (CBF vs PI vs MPC)

The first test, depicted in Figure 12, aims to discharge the
battery cell within 40 s. This requires an aggressive current set-
point of I⋆disch = 90 C, which also corresponds to the maximum
capacity of the discharge device (Imax = 90 C). The results
show that the battery temperature increases rapidly at the be-
ginning of the test, reaching the upper limit (110◦C) in less than
10 s. To fulfill the temperature constraint, the CBF controller
rapidly reduces the discharge current to approximately 10C.
After 50s, the pressure constraint becomes dominant and the
CBF controller adjusts the discharge current to remain within
these venting/pressure limits. Due to the temperature and pres-
sure constraints, it takes over 7 minutes to remove 70% of SoC,
which is significant slower than the original (unfeasible) 40s of

2All the simulations were performed on an Apple MacBook Pro with an M2
Pro chip and 16 GB of memory.

Table 6: Statistical comparison of per-iteration (per control update) computa-
tion time across 10 scenarios.

Control Method Mean [ms] Std [ms] Maximum [ms]

MPC 297.85 221.81 3789.46

CBF-Based 16.33 4.60 207.93

discharge time. Figure 13 illustrates the estimation perfor-
mance of the EKF observer. The estimation accuracy is very
high, with a peak error of less than 0.1%.

To quantify performance benefits, we compare the proposed
CBF controller against two baseline strategies: i) a PI controller
designed to operate the battery at the temperature limit Tmax,
and ii) an MPC scheme that enforces, SoC, temperature and
pressure constraints. The PI baseline controller was included
to assess whether conventional temperature regulation (a com-
mon practice in the industry) is sufficient to indirectly limit bat-
tery pressure. Figure 12 shows that, although the PI controller
regulates temperature effectively, the cell pressure exceeds the
critical limit, which trigger a venting event.

The MPC scheme formulation follows our previous work
in [16], with a control horizon of 20 steps and a sampling time
of 0.5 seconds. To ensure a fair comparison, the MPC param-
eters were tuned to match the performance of the CBF-based
controller, particularly in satisfying the safety constraints. We
observed that the MPC with shorter horizons failed to enforce
the safety constraints consistently. Figure 12 shows that both
CBF and MPC schemes achieve comparable constraint satis-
faction. However the CBF approach significantly outperforms
MPC in terms of computational efficiency. As depicted in Fig-
ure 14, the average solver time for MPC is approximately 15
times higher than that of the CBF-based method. Table 6
provides a statistical summary over 10 scenarios with varying
conditions3. The CBF-based method consistently demonstrates
significantly lower computational demand, with a mean solver
time of 16.33 ms (compared to 297.85 ms for MPC). This com-
putational advantage makes the CBF formulation more attrac-
tive for real-time battery control applications on embedded sys-
tems.

6.2. Sensitivity and Robustness Analysis via Monte Carlo Sim-
ulations

Next, we evaluate the robustness of the CBF-based con-
troller by introducing uncertainty into the model parameters.
Let ∆ =

[
θ1 θ2 . . . θ5

]⊤
∈ Rp denote the set of uncertain

parameters (see Table 7). These parameters are assumed to be
sampled from a stochastic distribution B. To evaluate the safety
of the CBF-based controller, we propose two performance met-
rics:

1. Maximum pressure violation (ψ): this measures the worst-
case violation by computing the peak difference between

3where in each scenario, the model parameters ∆ are sampled from the dis-
tribution B; see Section 6.2 for details.
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Figure 12: Simulation results of a fast battery discharge using the nominal CBF-based optimal controller applied to the high-fidelity SPMe model. The plot also
includes baseline results obtained using an MPC controller, as well as a Proportional-Integral (PI) controller that only tracks the maximum temperature limit, for
comparison.

Figure 13: Estimation errors in ∆xSEI for the three discharge control strategies,
illustrating the performance of the EKF.

the cell pressure and the threshold Pmax.

ψ(∆, ρi) = max
t

(Ptot(x(t,∆), ρi) − Pmax) . (53)

If ψ < 0, then the system never violates the pressure con-
straint, and we are safe. If ψ > 0, pressure violation oc-
curs.

2. Average pressure violation (ψavg): This metric captures the
average pressure across N scenarios (sampled from ∆ ∼
B):

ψavg(ρi) =

∑
j ψ(∆ j, ρi)

N
, (54)

where ∆ j is a sample from B.

Note that since ∆ is a random variable, ψ is also a random vari-
able. In what follows,we assume that ∆ is sampled from a uni-
form distribution with bounds defined in Table 7 . The selected
ranges are intentionally conservative to account for worst-case
scenarios; similar variation ranges for thermal parameters Cp

and h have been used in [55], whereas our study adopts even
broader ranges to further stress-test the system.

Figure 14: Comparison of solver computation time per iteration between MPC
and CBF-based controllers. The box plot highlights the significantly lower and
more consistent CPU time of the CBF approach. Outliers, marked as circles,
indicate rare instances of longer solve times. (Results obtained with nominal
battery model).

Case I: (Single-Parameter Uncertainty) Figure 15 shows the
effect of varying individual parameters on the controller’s safety
performance. Among the five parameters, ambient tempera-
ture (Tamb) exhibits the largest impact on pressure violation,
followed by the heat transfer coefficient (h). In contrast, the
SEI frequency factor (ASEI) has a comparatively smaller effects,
indicating the controller’s robustness to uncertainties in this pa-
rameter. Pressure constraint violations were observed across
a wide range of parametric variations, highlighting the impor-
tance of robust control design.

Case II: (Multi-Parameter Uncertainty): Next, we extend the
sensitivity study to investigate multiple simultaneous parame-
ter uncertainties and evaluate the performance of robust CBF
variants (with |ρi| > 0). Figure 16 presents the results of a
Monte Carlo simulation evaluating the maximum pressure con-
straint violation ψ(∆, ρi) under parameter uncertainty, with 100
iterations performed for each test case. The plot compares the
nominal CBF controller against four robust CBF variants with
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Table 7: Controller Parameter Variation Range for Monte Carlo Simulations.

Param. Nom. Value Unit Range ρi

θ1 = ASEI 0.2204 × 1015 [-] +50% −3.85e − 11

θ2 = h 54.06 [W/Km2] ±45% −0.085

θ3 = Cp 2108 [J/kgK] ±10% −2.08

θ4 = Rs 0.0078 [Ω] ±30% −1.07e − 5

θ5 = Tamb 25 [◦C] ±15% −0.10

Figure 15: Effect of individual controller parameter uncertainty on pressure set-
point violation. For each parameter, 20 simulations were conducted across its
uncertainty range (see Table 7) to quantify the impact on pressure regulation.
This Figure shows the “box plot” of the variable ψ(θi). The central mark indi-
cates the median value of ψ, while the bottom and top edges of the box indicate
the 25th and 75th percentiles. The bottom and top bars indicate the minimum
and maximum values of ψ.

increasing levels of robustness, parameterized by ρi.
The nominal controller (ρi = 0) exhibits the highest probabil-

ity of constraint violations, indicating poor robustness to simul-
taneous parameter variations. In contrast, the robust controllers
with higher |ρi| reduce the likelihood of pressure violations. As
the robustness parameter |ρi| increases, the distribution shifts
leftward, demonstrating improved safety margins for the robust
CBF variants.

6.3. Tuning of the Robust CBF Parameter ρi

An important practical question deals with the tuning of the
parameter ρi. This tuning can be performed in two ways. The
first approach is analytical, and determines ρi by evaluating the
worst-case value of the model parameters (see Appendix E for
an example of this method, and numerical values reported in Ta-
ble 7). The second approach leverages stochastic analysis. To
explain this method, let us consider the expected value of the
constraint violation indicator, denoted by E

[
ψ(∆, ρi)

]
. Assum-

ing that ∆ is sampled from the stochastic distribution B, the
value of ρi can be selected as the solution to the following opti-
mization problem:

ρi
⋆ = arg min

ρi∈Γi

ρi≤0, E∆∼B
[
ψ(∆,ρi)

]
<0

|ρi| (55)

Figure 16: Monte Carlo simulation results showing the probability of pressure
constraint violations ψ (see equation (53)) for the nominal (ρi = 0), and robust
controllers ρi for four cases.

Figure 17: The average, minimum and maximum values of the constraint viola-
tion indicator ψ(∆, ρi) where the parameter vector ∆ is sampled from a uniform
stochastic distribution (∆ ∼ B). The dashed red line indicates the limit for con-
straint violation (if ψ > 0 we have constraint violation) and the horizontal axis
represents the bound ρi.

where Γi denotes the admissible range of ρi, and ρi
⋆ represents

the smallest value of |ρi| (so that the CBF is not overly conser-
vative) that robustly satisfies the pressure constraint.

Note that the above optimization problem involves only a
single scalar decision variable, namely ρi. As a result, it can
be efficiently solved using gridding or other simple numerical
methods. For example, Figure 17 illustrates the average value
of ψ when Γi is discretized with a resolution of 1× 10−6. In this
case selecting |ρi| ≈ 4 × 10−6 ensuring average pressure con-
straint satisfaction. Note that (55) can be adapted to account for
alternative constraint satisfaction requirements, e.g. such as en-
forcing constraint fulfillment with a specified probability level
(i.e., chance constraint optimization).

6.4. Time-Domain Comparison of Nominal vs. Robust CBF

Figure 18 compares the performance of the nominal and ro-
bust CBF controllers in two uncertain test scenarios involving
uncertainty in ∆. Test 1 focuses on small parameter deviations
(up to 4% deviation w.r.t. nominal values), while Test 2 intro-
duces larger parameter variations (up to 60%) – see Table 8.
All the other parameters are listed in Table 4 and Table 5. The
results of Test 1 shows that the nominal CBF controller (ρi = 0)
maintains all safety limits without violation, whereas the ro-
bust controller behaves more conservatively by maintaining a
”safety marging” to the pressure limit, indicating reduced per-
formance due to conservative robustness enforcement. In con-
trast, in Test 2, the nominal controller results in a violation of
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Figure 18: Comparison of nominal (ρi = 0) and robust (with |ρi | = 0.9 × 10−5) CBF strategies across two test scenarios involving stochastic selection of uncertain
parameters. The left column corresponds to parameter vector ∆ from Test 1 (low parameter uncertainty) and the right column to Test 2 (high parameter uncertainty),
as described in Table 8. The top rows show the discharge current normalized by capacity (C-rate), the middle rows the measured battery temperature, and bottom
rows the total pressure (Ptot). Dashed red line indicates the maximum pressure limit.

Table 8: Uncertain parameter realizations of Test 1 and Test 2.

Parameter Nom. Val. Test 1 Test 2

θ1 = ASEI/1015 0.2204 [-] 0.23 (+4%) 0.33 (+50%)

θ2 = h 54.06 [W/Km2] 55.7 (+3%) 78.4 (+45%)

θ3 = Cp 2108 [J/kgK] 2171 (+3%) 3372 (+60%)

θ4 = Rs 7.8 [mΩ] 8 (+2.56%) 11.7 (+50%)

θ5 = Tamb 25 [◦C] 26 (+4%) 29 (+16%)

the maximum pressure threshold Pmax, whereas the robust con-
troller (with robustness parameter |ρi| = 0.9 × 10−5) success-
fully maintains pressure levels within the safety limits. This
demonstrates the efficacy of the robust formulation in handling
model uncertainty and preventing constraint violations. In both
tests, the nominal and robust CBF strategies respect the maxi-
mum temperature Tmax. These results suggest that the nominal
controller is more robust in enforcing temperature limits than
pressure limits.

A promising direction for future work is the adaptive tuning
of the robustness parameter ρi in real time, based on the level of
model uncertainty detected during operation, to better balance
safety and performance.
7. Conclusions

In this work, we developed and validated an optimization-
based CBF controller designed to safely de-energize a bat-
tery cell during emergencies. The controller ensures that criti-
cal safety constraints (cell’s temperature and pressure), remain
within safe limits, mitigating the risk of venting and thermal

runaway. To keep the implementation tractable, we employed a
simplified equivalent circuit model for the electro-thermal dy-
namics and approximated the nonlinear pressure equations via
a polynomial representation, thereby reducing both computa-
tional and design complexity. Furthermore, we derived suf-
ficient conditions to ensure that the CBF-based optimization
problem remains numerically feasible. Compared to state-of-
the-art MPC, our method is more than 15 times faster, making
it suitable for real-time and embedded applications. Another
important contribution of this work was the design of a state
estimator for SEI decomposition. We proposed an EKF formu-
lation to estimate SEI decomposition using non-invasive data
from temperature, voltage, and cell expansion sensors. Val-
idation against a high-fidelity SPMe model further confirmed
the effectiveness of the proposed CBF-EKF-based controller,
which successfully enforced the safety constraints despite pa-
rameter uncertainties of up to 60%.

In future work, we plan to incorporate a disturbance observer
within the robust controller framework to reduce conservatism
and further enhance safety and performance. The EKF-based
state estimator can be further improved by adopting advanced
strategies, such as adaptive covariance tuning methods that ac-
count for noise cross-correlation through off-diagonal terms in
the process noise matrix Q̃. Moreover, full experimental valida-
tion of the proposed control and estimation strategy for emer-
gency discharge will be pursued. This study assumed the avail-
ability of an emergency discharge hardware capable of handling
the energy extracted from the battery. While cell- or module-
level discharge can be achieved using off-the-shelf devices such
as resistive loads, pack-level presents significant hardware chal-
lenges. The design and integration of such high-power dis-
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charge devices, particularly for mobile applications, remains an
open challenge for practical implementation.

Appendix A. Experimental Validation of the SPMe Under
External Short-Circuit Conditions

Figure A.19 compares the SPMe output with the experimen-
tal data from a 15-minute External Short Circuit (ESC) test
performed with four difference cells described in [39] . The
model parameters were fitted only to the first cell (Cell 100A),
and applied without retuning to the remaining cases. The ob-
served discrepancies in discharge current between simulation
and experiment stem from the constant-resistance discharge
mode of the ESC setup, in which the current is algebraically
determined by the instantaneous voltage and fixed resistance.
Consequently, model mismatches in parameters affecting in-
ternal resistance, such as diffusion coefficients or electrolyte
conductivity, propagate as voltage errors and, in turn, lead to
current deviations. For the short-circuit experiments shown
in Figure A.19, the model achieves root-mean-square errors on
the order of 0.04-0.05 V for terminal voltage, 1.2-2.3 A/Ah for
current, and approximately 9-24◦C for maximum temperature,
depending on the cell configuration. For non-venting cases, the
error in maximum cell expansion stress remains below 3 kPa,
while larger discrepancies are observed in venting scenarios due
to the highly nonlinear dynamics. All RMSE values were com-
puted over a 15-minute validation window; for venting cells,
stress errors were evaluated only up to the onset of venting.

Appendix B. Lipschitz Continuity Analysis

This appendix verifies that the system matrices and nonlinear
functions introduced in Table 1 satisfy local Lipschitz continu-
ity with respect to their arguments.

• g2 is a constant matrix, hence Lipschitz with every L2 > 0.

• g1(z) is a locally Lipschitz function since [45, Lemma 3.1
Chap. 3]: ∥∥∥∥∥∂g1(z2)

∂z2

∥∥∥∥∥ =
∥∥∥∥∥∥ 1

mcellCp

∥∥∥∥∥∥ ≤ L1. (B.1)

Hence g1(z) is locally Lipschitz for every L1 ≥
1

mcellCp

• Considering the function f (x), the first component, f1(x),
is a linear function of x1 and is independent of x2. The sec-
ond component, f2(x), involves an exponential term that
depends inversely on x1. Both partial derivatives of f with
respect to x1 and x2 exist, and are continuous for all x1 > 0,
which guarantees local Lipschitz continuity. The Jaco-
bian matrix of f (x) is given by:

∂ f
∂x
=

 −
hAsurf

mcellCp
0

ASEIESEI xSEI,0

kb x2
1

exp
(
−ESEI
kb x1

)
0

 . (B.2)

In this application, the domain of interest is restricted to a
compact set:

x1 ∈ [Tamb,Tmax], x2 ∈ [0, xSEI,0]. (B.3)

Within this domain, the Jacobian of f (x) remains bounded
and thus f (x) is Lipschitz.

Appendix C. Thermal Constraint Feasibility Proof

The proof is composed of the following three parts:

• Part 1: consider ċ1(z, u) ≥ −α1(c1(z)). Recall that
−α1(c1(z)) is negative for ∀z ∈ C. As a result, if ċ1(z, u) ≥
0, ∀z ∈ C, then the original inequality (ċ1(z, u) ≥
−α1(c1(z))) will be fulfilled for all z ∈ C. We show that
ċ1(z, u) ≥ 0, or: − u

Q ≥ 0. The candidate control input
u = 0 satisfies this inequality.

• Part 2: consider ċ2(x, z, u) ≥ −α2(c2(x)). If z ∈ C, then
we need to fulfill ċ2(x, z, u) ≥ 0, or:

−
Rsu2 + V1u − hAsurf(T − Tamb)

mcellCp
≥ 0. (C.1)

Since the denominator is always positive, and considering
the candidate control input u = 0, we have:

hAsurf(T − Tamb) ≥ 0. (C.2)

This inequality holds since hAsurf > 0 and we assumed that
T ≥ Tamb.

• Part 3: consider ċ3(x, z, u) ≥ −α3(c3(x)). If z ∈ C, then
we need to fulfill ċ3(x, z, u) ≥ 0, or:

(
Rsu2 + V1u

mcellCp
−

hAsurf(T − Tamb)
mcellCp

)
∂∆xn,max

SEI (T )
∂T

−ASEIxSEI,0 exp
(
−

ESEI

kbT

)
≥ 0. (C.3)

Considering u = 0, (C.3) can be re-written as:

∂∆xn,max
SEI (T )
∂T

≤ −
mcellCpASEIxSEI,0

hAsurf

exp
(
−

ESEI
kbT

)
T − Tamb

≤ −k f

exp
(
−

ESEI
kbT

)
T − Tamb

,

where k f =
mcellCpASEI xSEI,0

hAsurf
. This inequality holds due to

assumption (ii) stated in Theorem 1.

Combining Parts 1, 2, and 3 demonstrate that u = 0 is always
a feasible input; henceUCBF(z, x) , ∅ for every (z, x) ∈ C.
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Figure A.19: Comparison between experimental and simulated external short circuit responses at different initial SoC levels ((a) Cell 100A, (b) Cell 100B, (c) Cell
75, (d) Cell 50). The simulations are obtained from the combined multiphysics model (SPMe) using parameters fitted to the Cell 100A (first column (a)) and applied
across all cases. The plots show current, voltage, temperature, SoC, and compresive stress evolution over a 15-minute experiment. The experimental data from [39].

Appendix D. Proof of Convexity

According to [56], an optimization program written in the
standard form (D.1) is convex if the cost function f (x) and all
inequality constraint functions hi(x) are convex functions.

minimize
x

f (x) (D.1a)

subject to hi(x) ≤ bi i = 1, . . . ,m (D.1b)

Furthermore, by the second-order convexity condition, assum-
ing that f is twice differentiable, i.e. its Hessian ∇2

x f (x) exists at
each point in the domain of f , then f is convex if and only if the
domain f is convex, and its Hessian is positive semi-definite,
i.e. ∇2

x f (x) ≥ 0.

We now apply these results to prove convexity of the
optimization problem (29). The cost function LCBF(u) =
(u − I⋆disch)2 on the convex domain U → R is strictly con-
vex since it is quadratic (with positive second-order derivative).
Furthermore, the control action u ∈ U must fulfill the bar-
rier constraints with linear extended class functions (26) - (28),

which can be rewritten in the standard form:

h1(u) =
u
Q
− KQ(S oC − S oCmin) ≤ 0, (D.2)

h2(u) =
Rsu2 + V1u − hAsurf(T − Tamb)

mcellCp

−KT (Tmax − T ) ≤ 0, (D.3)

h3(u) = ASEIxSEI,0 exp
(
−

ESEI

kbT

)
−

Rsu2 + V1u − hAsurf(T − Tamb)
mcellCp

∂∆xn,max
SEI

∂T
−KP(∆xn,max

SEI (T ) − ∆xSEI) ≤ 0, (D.4)

where KQ, KT , and KP are the gains of the linear class-K
functions αi(·), listed in Table 5. To conclude that the prob-
lem is convex, we must demonstrate that hi(u) is convex for all
i = {1, 2, 3}. The function h1(u) (D.2) is convex since it is an
affine function in u (the second derivative of h1 is zero). To test
the convexity of the second constraint (D.3), we compute its
second derivative:

∂2h2(u)
∂u2 =

2Rs

mcellCp
> 0, (D.5)

which is always positive given that Rs,Cp,mcell are positive
constants, hence h2 is a convex function. Lastly, for h3(u) we
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have:
∂2h3(u)
∂u2 =

−2Rs

mcellCp

∂∆xn,max
SEI (T )
∂T

. (D.6)

The sign of (D.6) depends on ∂∆xn,max
SEI (T )
∂T which is assumed to be

lower than the bound Γmax(T ) from Theorem 1. As depicted in
Figure 9, ∂∆xn,max

SEI
∂T < 0 over the operating range, hence ∂2h3(u)

∂u2 > 0.
As the cost function is convex and all inequality constraints are
convex, the optimization problem is also convex [56], ensuring
that any local minimum is the global optimum.

Appendix E. Derivation of the Robustness Parameter from
Uncertainty Bounds

The CBF robustness parameter ρi, which enables the design
of CBFs that are robust against additive disturbances d, can be
computed as:

ρ
i
= min

x∈X, z∈Z, d∈D

∂ci

∂x
gd(x, z) d = min

x∈X, z∈Z, d∈D
ρi(x, z, d), (E.1)

where X = {x = [T,∆xSEI]⊤ : Tmin ≤ x1 ≤ Tmax,∆xmin
SEI ≤

x2 ≤ ∆xmax
SEI } and Z represent the expected operating range of

the battery and ci(·) is the CBF constraint.
To better understand how to determine ρi, we focus on para-

metric uncertainties in the ∆xSEI dynamics. Assume that the
parameter ASEI is expressed as ASEI = A⋆

SEI + d, where A⋆
SEI is

the nominal value and d ∈ D = [−∆Amax
SEI ,∆Amax

SEI ] the uncer-
tainty range. Inserting this relation into the vector field leads
to:

f (x) = f ⋆(x) + gd(x)d, (E.2)

where f ⋆(x) is the nominal vector field and gd(x)d is the addi-
tive disturbance caused by the parametric uncertainty. For an
uncertain ASEI , these functions are given by:

f ⋆(x) =

 −
hAsur f (x−Tamb)

mcellCp

A⋆
SEIxSEI,0 exp

(
−

ESEI
kb x1

) (E.3a)

gd(x) =
[

0
xSEI,0 exp

(
−

ESEI
kb x1

)] . (E.3b)

To ensure robustness to the disturbance d ∈ D, we compute the
lower bound:

ρi = min
x∈X,d∈D

∂ci

∂x
gd(x)d, (E.4)

which can be expressed as:

ρi = min
x∈X,d∈D

∂ci

∂x2
xSEI,0 exp

(
−

ESEI

kbx1

)
d. (E.5)

This value is determined by considering the extreme values of
each component, leading to:

ρi = −|
∂ci

∂x2
|xSEI,0 exp

(
−

ESEI

kbx1

)
∆Amax

SEI . (E.6)

Evaluating ∂ci
∂x2

for i = {1, 2, 3}, we obtain:

ρi =

0, if i = 1, 2
−xSEI,0 exp

(
−

ESEI
kb x1

)
∆Amax

SEI , if i = 3
(E.7)

Similar type of analysis can be applied to compute ρi when the
model is affected by uncertainties in other parameters (h, Cp,
Rs, etc.). The last column of Table 7 lists ρi when the x2 dy-
namics are affected by parameter uncertainties.
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